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ummarz

The transport of particles, caused by axial and radial diffusion
axial flow of convection, will be considered in a de.ce.arc and in a
nar flame., The following mathematical model will be discussed.
ming a steady state in both cases the mass transport may be
ribed in cylindrical coordinates (r,z) by the following partial

erential equation

1 9 aC 9 aC oC _
??;(Dr-é’;)+-é?(D-,:-z—)-W°5—z--O, (1.1)

e C means the particle concentration, D the coefficient of diffusion,
W the axial velocity. D and W are taken constant; various boundary
itions, corresponding to different approximations of the physical
ation, are considered, Solutions of (1.,1) are obtained in an

icit form.

ass transport through a d.c.arc

Introduction

We shall consider some mathematical models, originating from
stigations by Boumans D] and de Galan Bﬂ concerning the transport
articles through a d.c. arce

At the lower electrode (the anode), a vapour of an element enters
dischange zone at a rate of Q particles per sec., The vapour
isting of atoms and ions in a proportion depending on the temperature
ads by diffusion (coefficient of diffusion D), Directed transport
es originating from the electric field and the flow of convection
e an additional axial velocity component W acting upwards.

When the steady state is reached, the transport of the atoms and ions
ugh the arc may be described by equation (1.1), where r means the
ance to the axis of the arc and z the vertical distance to the anode.
dary conditions are imposed at the surface of the anode (z = 0) and

he edge of the flame (r = R)., Since the arc temperature falls rather




steeply at the edge of the core, we
must expect D to drop rapidly as well,
A different situation arises for the
axial transport velocity W. When

ionisation of an element is large in

the arc core, W can be shown to
decrease rather sharply at the edge

of the core, On the other hand if an

element ionizes only weakly, W equals
the speed of convection, which does
vary greatly over the arc cross=section.

In this treatment D and W are taken constant, The following
\dary conditions may give an acceptable approximation of the physical
1ation as regards the edge of the core.
\s a first approximation the solution of (1,1) is considered in the
.ndrical hglf=space 0 < r < =, 0 < z < = with the boundary condition

0 at r = =, This mathematical model will be discussed in section 2.2,
jince at distances r > R all atoms and ions have recombined to
icules because of the low temperature, a better boundary condition
ld be C =0 at r = R, This approximation can be used for the lower
1es of the transport velocity W. Since the decrease of D at the edge
.gnored, a solution based on it will predict too large mass losses
-adial diffusion,
‘n the hot core of the arc the rate of diffusion is much greater than
:he cooler fringe. The low=temperature envelope #irtually acts as an
:netrable wall for particles diffusing outward from the core., This may
lescribed by the condition %% =0 at r = R (R being taken smaller than
;he foregoing case). This model may lead to rather good results for
re values of the transport velocity W,
\s a compromise between the cases b) and c) we may use the condition
-hC =0 at r = R, where h 1s a non=negative constant. The case h = 0
~esponds to case c), the case h = = to case b). The solutions of (1.1)

isfying this boundary condition will be considered in section 2.3.




At the anode (z = 0) we shall impos
mass transport through the plane z =
he mathematical model we consider a

a disk source with the centre at the

Solutions in the cylindrical half=s

oint source of intensity Q at r = 0,

Writing v = %3 in equation (1,1) wi

erential equation takes the followin

3%c 1 ac . 9°C
% o g; 3? b mmowemy oo 2v
or 9z
boundary conditions are
r=0 2z #0 Cr
7 = «© C b
r = C =
- 9
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e %%%L is the distributional notatio
in in polar coordinates,

treatment of this case is similar to
auverier [5]0 The equation (2.,2,1) w

(2,2,4) is satisfied by the elementa
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As is well=known a solution of (2,2,1), satisfying the conditions
2,2), (2:2:3) and (2.2.4), which describes the effect of a point

rce of intensity Q at the origin, is given by

Q euv(\/z +r° = z)

21D °
22 + r2

(20208)

latter property may be easily verified by considering the mass
asport through a small hemi=-sphere around the origin.

From the Laplace transform

\, 2, 2

© f““““% =b Yp +a

b Wm?
p *a

. Erdélyi et al, Integral transforms I, 4.15.9)

nay derive the following result
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ch shows that (2.,2.8) is of the form (2.2,7)- ‘
The boundary condition (2.2.5) suggests the following choice for

R

o
¢
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£(A) = 235 [ -, (2,2,10)
VA2+v2
re P(A) + 0 for A =+ =,
This means that C(r,z) is written as
a emv(' 22+ - z) I ENEVACRY: )
Clr,z) = E - J P(A)JT (Ar)e v -V di]o
21D 0
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m condition (2,2,5) we obtain
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ing the relation (2.,2.9) for z = 0 we find

A
v(x) = — e
\/A2+V2 V%2+A2 + v

Substitution of this expression into (2.,2,7) and (2,2,10) gives the
Llowing explicit result

= 2 .2
Clr,z) = == A 3 (r)e 2 VVT = v) gy (2,2.11)
21D 0 5 o 0
yv +A T+ v

Disk of uniform source density

Next we consider equation (2,2.1) with the conditions (2.2.2),
2.3), (2,2.4) and with the additional boundary condition of no mass

insport through the plane z = 0 outside the disk source of radius a
1 total intensity Q

2z =0, - m%% + 2yC = .35. 8(a-r), (2.2.12)

ma D
:) being the well~known unit-step function.

First we take a point source of constant intensity QO at the
iable point P(rog¢o} of the plane z = 0,

» solution is obviously

Q @ 2,,2
= 0 A oy =z ( YV - v)
Cy(rydsrys9062:Qy) = 5= jo = Jo(Ar')e da
VV +AT + v
¢ oo (o2 2 :. .,
re r' = (r° + ry = erocos(¢ - ¢o)) is the distance to the
nslated vertical axis through P,

In order to cbtain the solution for a uniform disk source with
al intensity Q and radius a, we may proceed as follows,

* each surface element AS the contribution to the concentration is

I‘9¢91"09¢09Z9% AS)O




s the total concentration becomes

[
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ng the addition formula {Watson Eh]a 4,82)

o
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poo 22 a
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7a“D ‘0 /2 2 0
v +A v
e J (da) %j 2.2
1° = J =
= - 5 Or)e 2W VT = v, (2,2.13)
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former result (2.2.71) can be recovered from (2.2,13) by taking the

it for a + 0,

o Solutions satisfying the boundary condition %% = hC =0 at r =R

It is convenient to introduce the following dimensionless variables:

3% 3% WR e
r = r R, z = 2 Ry VESE a = a R,

El

stitution in equation (1,1

2 2
3 C 1 3C 3 C aC

*:Tmms:: %mw DV oowmmm = OD (20301)
ar e x T ez 2 22

the sake of simplicity the asterisks will be omitted from now on,

Point source of intensity Q at z = 0y r = 0

In this section the solution of (2,3,%) will be derived with the

lowing boundary conditionss




r=0 2z #0 C regular, (203.2)
zZ = @ ] bounded, (20303)
r=1 %% = hC = 0, V (2:3.4)

i 3, hg - 88Lx)
2 =0 =%z t e = 2mrRD ° (2:3.5)

>rder that the elementary solution (2.2,6) satisfies the condition

3.4) A must be a root of

AJ,B(A) = hJ _(X) = 0, (2:3,6)

0

.s known (see Watson Dﬂ 15.25), that equation (2,3.6) has no complex
's and that there are an infinite number of real roots + Gy X 0y
ITY (aj > 0 for all j). For a number of values of h, the first
o are tabulated in [5], table III, ‘

The general solution of (2:3.1) satisfying (2.3.2), (2.3.3) and

lolt) may be written as

o ‘f22
Clr,z) = ) ano(ran)e“z( vy - V)o (2:3.7)

n=1

unknown coefficients c, have to be determined from condition (2.3.5).
It is well=known that the functions Jo(ran) form a complete orthogonal

(see [5]9 page 172), in the sense that fg Jo(ran)Jo(rav\rdr =0 if

o
suggests the following distributional expansion of ééﬁl 3
§(r) _ v
== = ) anJo(ran)o

n=1

coefficients a  can formally be calculated from

1
‘% {Jg(an) + J?(an)}an = fo G(r)JO(ran)dr =1,

n gives

a = 8 n=‘§929330coo




bsing condition (2,3.5) on the solution (2.3.,7) and equating the
responding terms of the series (which may be done because of the

oleteness of the set {J (ran)}) we obtain

0

(VvPea? - = e !

R AN v)JO(ran) + 2cano(ran) == J2(a )+J2(a ) Jo(ran)
0'"™n 1" ™n

;hat

c ==—&= ‘1 = ! » n = 1. 29 3’ 600 o (20308)

n mRD \/2 > J2(0 ) + 320 )

(Vv ta + v) “0''n 1 n

stitution in (2,3.7) gives the required explicit expression

2
: st g (ra ) E VY =) (550

ey 2 2 0
n=1 Vv2+a§ + v Jo(an>*J1(an)

miform disk source of radius a and total intensity Q

ife~18

= ol
z) mRD

Here we have equation (2:3,1) with the boundary conditions (2:3.2),
+3) and (2.3.4) with the additional condition:

z = 0 - %% + ovC = uzgxx 8(a=r). (2.3.10)

ma DR
expansion of 6(a=r) in the set {Jo(ran)} is

8{a=r) = Z anO(ran)g
n=1

D

2aJ, (ac_)
1 n )
b = p 0 = 1352»39000 0

2 2
? OLn{JO( >+J?(an>}
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n

solution of (2,3.1) may be written in the form (2.3.7) again, Following

same procedure as in the preceding case we finA

‘ —
1 J§(aan> =z(\iv2+a2 = V)
Jo(ran)e n o

2) = =2 - — =
° %?v2+a§ + v aniJO(an)+J%<an>} (2,3,11)
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ransport through a laminar flame

oduction

he homogenecus hot part of a laminar flame a small pearl of an
s suspended by a platinum wire, The material is spread by
and convection (due to the air convection and the gas stream).
to give a mathematical description of the mass transport through
» we consider a cylindrical coordinate system, where the pearl
d to a point source of intensity Q at the origin. The z-axis is
ong the axis of the flame; r means the distance to the z=-axis,
mass transport is described by equation (1.1), if a steady state
do
e restrict ourselves to not too large values of r and Izl the
ocity component due to the convection W may be regarded as
whereas the coefficient of diffusion D may be considered
nt of z. In the mathematical model treated here D and W are
nstant, As in section 2.3 we try to compensate the neglect of the
crease of D by imposing the boundary condition %% - hC = 0 at
the edge of the flame, where h is a certain non-negative parameter
of which has to be determined experimentally.
oduction of dimensionless variables in the same way as in section

to the following partial differential equation and boundary

S3
2 2
3°C . 1 3C . 3°C aC _
=-a§§=+u;=§=;+_m§m2v=§=£-09 (30101)
dr 9z
z =+ C bounded, (3:1.2)
r=0 z#0 C regular, (3.1.3)
v = 3C =
r = 1 == - hC = 0, (3c10k)

r=0 z=0 C - e (3.1.5)
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's Derivation of the solution

This problem will be solved by using two=sided Laplace transformation,
+ solution of equation (3.1.1) with diffusion from a point source of
ensity Q at the origin with diffusion in the whole space =® < z < =,

'r < ® ig well known, viz,

(Y254 = z)

= 2
Co(rs2) = 1385 °

The constant Q is equal to the mass transport through a small sphere
und the origin.

Therefore we take

=5
emv( 2o4re - z)

Clr,2) = 1%
? LwDR %/:gijgﬂ

=sided Laplace transformation T
1.1) yields

+ C (ryz)e (3.2.1)

00
=Pz % . .
e C dz applied on equation

=00

2:;:3# s
9 C 1 9C =t
Téﬂ*‘}fﬂéﬂ;ﬂm C =0, (3.2.2)
r
2 2
re q = 2pV =P o
boundary conditions become
am}l
r=0 C regular, (3.203)
ol =t Q
= = on = = § -
r=1 5T hC S [qKo(q) hKO(q)]o (3.2.4)

have used here, after the substitution x = i(p = v), the relation

exp =8 VAR Rt

ax = K_(a}/8%+y
- 0

2
X +0

j: cos (xy)

‘s Erdélyi, Integral transforms I, 1.4,(27)),
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: solutions of (3.2,2) are linear combinations of the modified

isel functions Io(qr) and Ko(qr)o

:ause of condition (3.2,3) we may take
T =4 Io(qr)o

lication. of condition (3,2,4) gives

AEng(q) = hI(q)] = - E%’ﬁ”ﬁ akg(a) = Bk (a)].

.ce
THo .8 fﬁ(q} - 1K, (q) I (ar)
2R qljlq) = bI (q) "0 q
) = QlKo(q”)qué(q)mhio(qﬂ - Iy(ar) [ak} (a)=hK (q)]
T A CY RSN ) o

The nummerator is a regular function of p, because the logarithmic
ts cancel, In addi

'Qngwpoth nummerator and denominator are even
ctions of q = |/2pv = p“, which means that there are no branch points,

We now apply the inversion formula for Laplace transforms:

PR
Clr,z) = E%I a eP? Tlr,p)dp, holding at least for
d=1%

O<d<2Vo

d+ie

3% 2%
%é I ?; 2 2 0 o \f 2. 2" %/ 2.2 \!’E 2
Ve 2+a§ V= W +aﬁ v+ Vv +0L1 v v +a2 v+ Vv +a3

Q=i
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: poles of the integrand are situated at the points v p2 = 2pv = o
P=EV i;y’vg * a_ , vhere the numbers {an} satisfy equation (2.3.6).
* positive values of z we are closing the path of integration by
ns of a large semicircle to the left, The contribution of this
1circle to the integral tends to zero.

Taking the residues of the denominator and using the relation
2)K}(2) = I1(2)K,(2) = = = (see Watson [V], 3.7t (19)) and the fact

0
it the numbers {un} satisfy (2.3.6), we finally obtain

*y2 = v ! J. (ro emz( v2+a§am v) z > 0,
@) = g o(ra )e 2V a
o v qJ (8, )45 () i (3.2,5)

* negative values of z we close the path of integration by means

a large semicircle to the right. We easily find

,.z'u":-—Aé—-n
. g
p2) = e ) " ! J. (ra )ez(%%; o, t V)@ z <0,
TR =t (2,200 e )4 (a) O T
vote 0"n” "1 ™n (3.206)

- small values of |z| the convergence of the right-=hand sides of
2,5) and (3.2.6) is very slow., However, in the region of physical

;erest the convergence is satisfactory.
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